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On characteristic length scales and formation of vortices in the
Ginzburg-Landau-Higgs model
in the presence of a uniform background charge
Egor Babaev ∗
Institute for Theoretical Physics, Uppsala University Box 803, S-75108 Uppsala, Sweden
In this brief report we consider a non-local Ginzburg-Landau-Higgs model in the presence of a
neutralizing uniform background charge. We show that such a system possesses vortices that feature
a strong radial electric field. We estimate the basic properties of such an object and characteristic
length scales in this model.
The vortex matter is a very large and diverse branch
of theoretical physics. This concept, initially introduced
in superconductivity [1], was later generalized to high-
energy physics, where the Abrikosov vortex is known as
the Nielsen-Olesen string [2]. Many types of vortices were
studied in detail both in condensed matter and particle
physics [3].
In this paper we describe vortices in the Ginzburg-
Landau model (known in high energy community as the
Abelian Higgs model) in the presence of a neutralizing
background charge. The key feature of this model sys-
tem is that the charged complex scalar field interacts
with compensating uniform background charge that, as
we show below, gives rise to a formation exotic vortices.
The study of this model is motivated by several examples
from condensed matter physics, such as the Josephson
junction arrays and the granular superconductors, de-
scription of which usually includes Coulomb terms (for a
recent work and citations see e.g. [4]). Additional moti-
vation is the strong-coupling superconductors [5] where
the Cooper pairs are tightly bound and there are no free
electrons in the vortex core, although the strong coupling
superconductor is a more complex system than that con-
sidered in this paper. In this brief report we do not dis-
cuss specific applications but restrict the discussion to
the simplest Ginzburg-Landau-Higgs model of charged
condensate coupled to compensating uniform background
charge.
The energy functional of the ordinary Ginzburg-
Landau-Higgs model reads
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The order parameter Ψ is characterized by the coherence
length [6]:
ξc =
~√
2MUΨ0
(2)
where Ψ0 is the average value of the modulus of the com-
plex scalar field.
We introduce in this model a neutralizing background
charge with charge density −e < |Ψ|2 >= −eΨ20. In
a such system in a presence of a local inhomogeneity of
the complex charged scalar field there appears an electric
field. The energy functional for this model is non-local:
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Apparently, in this system a vortex core produces a lo-
cal charge inhomogeneity and an electric field [7]. The
appearance of Coulomb force in a local inhomogeneity in
this system makes the question of description of vortices
to be a complicated problem. However as we show below,
all the parameters of the problem can be estimated that
allows to describe qualitatively all the basic properties of
the vortices in this non-local model.
Existence of a zero point of the scalar field in the cen-
ter of the core would lead to accumulation of charge Q
per length L of order
Q
L
∝ −eΨ20 × [vortex core radius]2 (4)
In a neutral superfluid the vortex radius is defined by a
coherence length. However since the system is charged
the local inhomogeneity makes an additional energy cost
due to appearance of electric field. Thus the Coulomb
force tries to shrink the vortex core size and this leads to
a redefinition of the length scale over which such a system
restores homogeneity. We show below that the Coulomb
force in such a system determines the “healing” length
scale of the field. One of the exotic consequences is the
possibility of conversion of the system from type I to type
II.
Fig. 1 shows a schematic picture of a charged vortex.
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FIG. 1. Structure of a charged vortex. Sign “+” indicates
the core where the modulus of the complex scalar field reaches
zero so there exists non-compensated positive background
charge. This charge inhomogeneity induces a “tube-like” area
of screening charge around the vortex that is denoted by “–”.
Apparently, the Coulomb force induced by charge inhomo-
geneity tends to shrink size of the core thus leading to redef-
inition of notion of a coherence length.
Let us estimate the “healing” length. The Coulomb
energy of a charged vortex per length L is of order of:
UC
L
∝ e2ξ4healingΨ40 (5)
We can add to the Ginzburg-Landau expression for the
free energy the term
e2ξ2healing [Ψ(x)
2 −Ψ2
0
]2, (6)
which estimates the order of magnitude for the energy
of the electric field which appears in a local inhomo-
geneity. With it we can self-consistently determine the
length scale ξhealing also taking into account the inter-
action term (U/2)Ψ4. Thus our estimate takes into con-
sideration contributions both from the original coherence
length parameter and also from the Coulomb force which
also contributes to the “restoration” of homogeneity:
ξhealing =
~√
2Ψ2
0
M
[
e2ξ2healing + U
] =
[
− U
2e2
+
√
U2
4e4
+
~2
2e2Ψ2
0
M
]1/2
< ξc (7)
When the contribution of the term U
2
Ψ4 to the restora-
tion of homogeneity can be neglected, the healing length
has purely Coulomb origin and is given by:
ξhealing ∝
[
~
2
MΨ2
0
e2
]1/4
(8)
This can be compared with magnetic field penetration
length
λ =
√
Mc2
2piΨ2
0
e2
(9)
Correspondingly for the parameter κ = λ/ξhealing which
serves to distinguish between a system of type I (κ <
1/
√
2) and type II (κ > 1/
√
2) 1 we can write:
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The above expression shows that besides κ depends on
coupling U , it also depends on Ψ0. It particular in the
case when one can neglect contribution of U , the above
expression can be written as:
κ =
√
M3/2c2
2pi~eΨ0
(11)
Thus one of the exotic features of this system is that the
Coulomb interaction increases the value of the parameter
κ and in principle may convert a system from type I to
type II when one varies the charge density eΨ2
0
.
We can also estimate the energy per unit length of a
vortex in this system. Similar to Abrikosov vortex there
is a contribution form the magnetic field energy which
density in the vortex core is H2/8pi and the kinetic en-
ergy of the supercurrent j:
Ekin =
Mj2
2Ψ2
0
e2
=
λ2
8pi
(rotH)2 (12)
The difference with the corresponding discussion in the
case of an ordinary Abrikosov vortex is that our situation
features also the radial electric field. In such a system in
an applied magnetic field there is induced in a vortex
core radial electric field. The electric field is trying to
keep the core radius to be small.
In these circumstances the vortex energy per unit
length is given by:
1for a detailed discussion of this property of the simplest
Abelian Higgs model in context of Nielsen-Olesen strings see
e.g. [2], an application to a specific superconducting systems
in external magnetic fields requires also a study of thermody-
namic stability.
2
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where Φ0 = pi~c/e is the quantum of magnetic flux.
In conclusion, we discussed the vortices formation in
the Ginzburg-Landau-Higgs model in the presence of
a compensating uniform background charge. We have
shown that such a substance possesses an additional
length scale which we call the “healing length” and al-
lows the formation of vortices. The key feature of the
discussed vortices is the accumulation of charge in its
core and existence of a strong radial electrostatic field.
The study of this model is motivated by condensed mat-
ter models such as Josephson Junction arrays and granu-
lar superconductors description of which usually includes
Coulomb term [4,7]. Besides that, the above described
properties and length scales of the model with Coulumb
interaction may have applications in many discussions in
high energy physics-related models and are relevant for
the recent discussion of vortex solutions in models like
considered in [10].
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